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Al)stract

‘J’hh ]mcpcr  is ccmcml)ccl  with linear  algcnitbl]ls  for idcll-
tificat.ion  in ‘HN which  have been sludiccl  ill [9]. It is SIIOWJI
that the two Cfiffcrm]t  linczw algorithms in [9]”c;n  bc unified
info  a single ouc which can bc further extclldcd  to nolmui-
forlnly  sl,accd  frcclue]lcy  response saml,lcs  with  cxponcutial
rwlivcrgcncc  for  the noise free case. IIn])r-ovcd  ul)pcr  bouTlds
for the corrcspondil]g  identification crrom  arc clcrivccl.  Ap-
plications to tllc  idclltificatioll  of lightly  Cfaulpcd systems
SUCII  as flexible structures arc also considered.

1 Introduction

Rcccvltly,  a  control  orie,]tccl  idc,,tification  j,roblc,n  ]Ias
LJccn formulated by IIchnicki,  Jacobson and Nctt [6]: given
a finite number of noisy cxpcrimcntal  frequency rcspcmsc
data, fil)d  all algorithm wllicll  IIot only idcntificb  tllc  )lonli-
ual plant model, but also quant,ifics  the worst case identifi-
cation  error in ‘Hw  norm. Furlhcr,  tl)e algorithllr  is rcquirwd
to have tile  ~mopcr~y  that  ihc wors~  case idcutification  er-
ror  converge to zero as the noise level goes to scro allcl  tllc
number of experimental data points  goes to infinity.  I’his
particular idc~ktificaticm problcln  is termed as icfcll(ificaliorl
in ‘Hw’ , and is mainly motivated by tllc  ncccl  of lnoclcr[l  ro-
bust c.olltrol  theory. in tllc  context of feccfback  systclll  dc-
sigll,  it is esscn(ial  that t}lc  resulting sy6te1n  idm]t  ificaiioll
algorithm produce all idcl]tificcl  mode] that convcrgcs  in a
tol,c~logy  for whicl)  feedback stal>ility  is a robust  proper-(y.
Sue ] )  to~,ology  is CI)CJSCI]  as Hw tl]at  is consistcltt  wit}l  tllc
robust control dcsigll.  ‘1’hc rcscarcll  work along tl)is  clircc-
tion  constitutes an ilnl~cmtaut  part of robust idcntificatioll.
Scc  []]- [5], [i’]-[]  4], [] 6]-[]  9] and rcfcmvlces  cited tllcreill.

in t.}lis  J>al,cr,  linear algorithms for idclitificatic,ll  ill ‘HW
will Lc considered due  to their  silnplicity  and cflicicncy.
An algorithm is said to bc tuned if tllc  a priori  illforJna-
tion  of the plmlt  model  o r / a n d  IIoisc  ICVC1  is U.WC1 ill t}lc
idclltificatioll  ~moccss. Si~icc  tintunccl  linear algcmitlllns  are
divergent in face of the worst  c.asc  noise  [] 4], corlvcrgc]lt
lillcar algorithms arc r]ccessarily  tuned.  A class of tuned
linear algorithms arc  thmc rc}>orlcd  ill [9] Lascd  ml tllc
least  square fitting. While it rclnains  unktlowll  for the cx-
istc]]cc  of otllcr  types of tuned linear  algoritlln]s  wllicll  arc
collvcrgcnt,  our study reveals some irltcrcstirlg  features of
tile  least square based linear  algorit}irlls  [9]. l’hc ruc,st  ilm
l,ortant  onc is that the linear algorith,us  dcvclo},cd  in [9]
arc  exponentially collvergcljt  for no~lunifor[nly  sl)accd  frc-
c]ucmcy  response data. Prrrthcr,  tlic two sccrni]lg]y  difrcrcld
linear algoritb)ns  in ~] car) in facl Lc unified irlto a siuglc
onc wllicll  arc al)])licab]c  to the problcm  of idc~ltificat, iorl  ill
?{W  for both  ultiformly  and no~mniformly  slmcecf  frcqumlcy
response data. lmprovcd  ul]pcr  bounds arc derived for the
least scluarc  based linear algorithm in [9]. It is also i)ltcrcst-
ing  to note that t]lc  lillcar algorithn)s  studied ill t}lis paper,
combined with t}lc  Lalallcc d rnodcl  rcductioli,  give arl cf-
fcctivc  proccdurc  for the identification of ligl)tly  dalnlwd
systems.
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2 Prol)hn Formulation mld Prdiminarics

1,ct.  T clmlc)t  c the uliit  circle of t}Ic COIIIJ)ICX  plane C and
‘Hm’  denote tllc  collection of all functions wllicll  arc essen-
tially  bounded i]] T and wllicli  admit analytic extclision  on
tl,c open ur,it disc ‘D. AI, open OPC]I  disc of radius p > 0
will  be dcllotcd  by DC.  Under  t}le  IIc,rnl

‘HW is a Banac]l  space. ‘l(l)c class of systcnM  ul)dcr  corl-
sidcratioll  ccn)sists  of stable, causal, linear  shift invariant
discrclc-tilnc  systclns  that admit transfer funckion

m

A=o

with irtl]~ulse  rcspomc  {hk  }. ‘]’hc  Z-transfor]ll  is so clcfillcd
that  the stability corresr)oncls  to no pole on t}lc  closed unit
clisc. ‘J>hc true, ullkliowll  systcll~ to bc idelltiflcd  is a%sulned
to bc ill tllc  set

?f(A4,  p)=:  {L: ;LEIF m,d I;L(Z)I  < AI, ‘v’Z  E Do}
(1)

wl}crc  M > 0, p > 1. ‘lhc value of AI rcprcsc]lts  the systcm
gain OVCI  all exl)or~cntially  weighted sillnsoiclal  il!puts  while
tile vsduc of p rcprcse]lts  tllc  relative stability. of t}ic  sys-
tell]. ‘1’hc lmir  (M, p) cliaractcri7,cs  the  a pr-ion lnforlnation
of tljc  systclt~  to bc identified wl!icll  can bc cxpcrimcllt,  ally
cstilnsitcd.  ~’he cxpcrimcntal  data consists of a finite col-
lccticm  of frequency rcs~)olwc sartll)lcs corrupted by noise q
gi VC])  by

,N _  ~(cj~~)  +  ~k, Wk E [-rr,  ml, b)kl s c!lbk - (2)

Whcm k = 1 ,..., N al)d c >0. SirIce  a ~,hysical system has
real illl],ulsc  ICSPC>lISC,  its frcqucrlcy  rcs})OIis[:  satisfies the
})rol~cr’ly  of cculjugatc  syl[lnlctry,  ]t is t~lus  clear  that w c
rlccd pcrforln  frequency rcspollse  cxl)clirllclltally  for only
positive frcquc]lcics. q’hc  problcrn  of identification in ‘Hm
is to fit]cl  an idcntificaticm  algorithm AN whic]l  ma])s  the
cxI,cri]l]c]ltal  data (2), and a priori illforlnation  (fi4, p, c)

1 0  a n  idcl]tificd  luodcl  ~t,d E ‘HW of dcgrcc  n, arid  to  a n
idcutificatiorl  error e,t(AN,  AI,  p, c) dcfirlcd  by

cr~(AN,  Af,  P,c) := Snl) Ili,,d  -  iL1lK,  ( 3 )
LE?KM,  P),  I17111FU  <.

]Ihrt}lcr,  tllc  algoritll]l~ Ah, is rccluircd  to Lc convergca(  ill
Ill@ SC!l ISC  tllrd

,+0 ~;+m  c,, (AN, M,p,  c) =0.
,,

‘J’hc  algoritllnls  intcrwst to  us ill this pal>cr arm the tuned
li]icar  algolitl]lns  reported ill [~].  As rucntimlcd  earlier, SUCII
lillcar  algoritllllls  have sonic  intcres~il]g  features whit]) are
r)ot  clear ill [9]. ~’hc  purpmc  of this paper is to give a utLi-
ficcl  trcatlllcl,t  of least sclrrare based lillcar  algorithms. ‘1’IIc
follc,wil)g  lclnl)~ri  is important in clarifying t},c  two difrcrcn{
linear algorithms in [9] wliich  is referred n]ixcd  I)arscrval
t)lcc)r’cul.



.

S i n c e  L}]e  proof  of tllc mixed l’arscrval  ihcorc]n  is clc-
]Ilen!ary,  it is omitted. Anotl]cr  result whic}l  is useful to
provide improvccl  error bounds in (he  IICX(  scctiolj  is on tlic
qnalltificaticnl  of tlic ‘Hw  n o r m  i n  tcmas  of tllc  ‘H2 ]Loriii.

Lclil]t]a  2.2 ])enoie  H2(’PO)  as the c o l l e c t i o n  oj.funcfions
ana/yfc’c  on Dp, a n d  a b s o l u t e l y  s q u a r e  iniegrublc  on the

boundoT~  oj Dp.  ]1’or  any  function  ~ C ‘?f2(DP)  with  p  > 1 ,

(!
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)
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11.m2 =  ]

ir o
I](c$W]]2  dw
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llfl12,p = ]
X.

lj(pc~”)ydw

Then, j E 7P, and

l’roof:  1( is ]Iot diflicult  to show  that

Ly l’ossicm’s  integral. Ilcllcc, Scl~war4z  inequality illll,lics
that

x

J ( ------- ----)
2

11$112,  s IIm,fi+ _n
] – ~–1

dt
i - -  9-1/2  CoS(t)  -I p- 1

—.-4---~-~{-M12,@.
}1’rollt  [9], ally furlclion  j E ‘H2 (’DTz  ) satisfies iacqnality

- h3(r2/r,)  < lljll~rfr2/r)lljll::jr/~,)
119112,r  -

p r o v i d e d  t h a t  r-l < r < 7-2. ‘J’akil]g r] = 1 , r = {P and

T2 = p for  j = j, it follows that

‘1’lIc  lemma is thus true, B

A final  lcnma  wl]icl]  will be used is the n-width io ap-
proxilnatioll  tllcory  [1 5]. I)cfil)c  ‘PW,  as tltc collcclio]l  of all
(,n  - 1 )tlI order causal  po]y,,o,nial  (or  1’1 }{) ,nodcl

P,,, = {f5:  j=po4  plz+ . ..+p.,,  _]zr”-l  }  .  ( 5 )

‘J’}lc  followil]g  lemma can Lc four]d  in [15] (’J’}  )corc]II 2.] of
l)age  250).

Lo]nma 2,3 1.et  M > O,p  >1 .  ?’hen  jor m = 0 , 1 , . . . ,

l,hrlhcr,  j07’  O?lY  ~L 6 ~(A4,  p), ihc g l o b a l l y  Opti?]LO/  17 Jl~T02’-

i)llani  Oj ;1

W,- 1

k=O

a c h i e v e s  the bound Mp-r”.  I’hat  is,

S,,l, II;,  -  fi;,L[j,]llM  = A4P-  ‘“.
i,c71(M,P)

3  Main ]ksults

III this section, least square Lascd  linear algoritlllns  in
[9] will Lc revisited. l’hc ~)urposc  of tl,is  paper is to give a
unified Lrcat]llcllt  of tllc  lillcar  algorithnw  ill ~] and to de-
rive inlprovcd  error bounds  al)plicablc  to the nolluniforlnly
sl~acml  frcquel)cy  rcslJonsc  data saml}lcs.

I,CL t,f)e  cxl]cri]uclital  d a t a  scqucncc  {1;$} Lc givc?l i n

(2), with its 1)1”1’ cocflicictlt  dc],otccl  by

N – 1

IzCL(N)  =. .!. 1,;,? ~ w~~ , WN =- d2rJN,  k = 0,1,...,1,  I,

i=O

l,ct  LIIC  idcnt.ificd  n,odcl  be dc,,otecl  as

1,-]

jki~(2) =  ~pkZk,  T, < N,

k=o

‘1’hc  objcctivc  of t}lc  linear algorit}lms  is to dctcrlnil]c  pk’s
whic}l  arc liricar  functions  of t}]c  exl>crin~cntal  data (2) SUCII
t}lat tlIc iclc]l[ificatioll  error lncasurcd  in ‘HW ncmii  is suit-
ably sjnall.  ‘J’lle  class of litlcar  algoritlll]ls  in [9] arc based
011 t}le solutim)s  of ccrlaill  least. square problclns,  I’wo  such
least  square  proble,i)s  wllicll  lcacl to lineal, algorithll,s  arc
colwtrail]cd  ]Uillilnisatio]]s

rw_l ,  1/2

N-lif

‘1’t)csc two millilnization  problems arc  treated differently in
[~] al,d  result  in two different lioear  algorit},ms,  as WCII as
crmr Lourlds.  It turns  out that  the two different l inear
algorithlns  produce sanw  identified model.

]’ropositiou  3 .1  I’hc  trrIo diflercni conStnIin  Cd  mini?  niro-
iion  p r o b l e m s  Jl, a n d  J2  yield  s a m e  soh.ttio?L ;L:~,  a n d
J ]  = Jz.

l~l.oof: ‘Jl,c  fact  tl,at J] = J2  i s  a  d i r e c t  CO])  SCCIUC1)CC
of tllc  IIlixcd l’amcrval’s  tlleore]n  in I,cnlllia  2. I . Silicc  the
ccn)strairlcd  rriir]i~nizatior,s  arc least square  )moblenls,  tllcy

liavc  unique  solutio)l.  ‘1’he  proposition is t}ms  true. 9

‘1’hc  .abovc observation is ilnl>orlalll,,  since o]ie  needs to
cc,llsider  o]]ly  J2. I’lIc  next result gives an im~nmvcd  bourld
for  tllc  resulting identification error.



~hc!or’c!ln  3 . 2  ],ei the n o i s y  erperi?nenicrl  jwgv(ncy Tc-
sponse  data  be given  in ( 2 ) .  I,et the identified  n~odel  b e

~:d(Z)  E Pn w h e r e  ihe  coe~cienis  arc dejlncd  b y  the so-
lution  oj the  c o n s t r a i n e d  ?n%ni?nizaiion  pToblenL  J2 . 7rhen,
the w o r s t - c a s e  identijlcaiion  emo~  aoiisjies

l’roof:  ‘he minimization problem givml }Ias  a solutio~l
with

[

N - 1 1/2

+ ~  lj,id(~’j)  -lf$+l  2  <,+  *4P-*1 ]
k=O

“1’0 scc this note that  kid = fi~,[~]  yields onc  Such  solution
by tile  7t-wiclth  a]>proximation.  lIcIIce,

by the  IIy})othcsis  on IiN, which in turn ilnl]]ics  tlmt

< 4(, + Mp-”)2

in light  of l,c~nl]~a  2.1. Note also that

Il?xmllz,p  < mlz,p  < ~4,  vjl  E H(M,  p).

}]c]lcc,  Ilk:d  - #f,l]2,p  ~ 2hf.  ~]sing ],crnllla  2 .2 ,  i t  follows
that

wit])  routine algebra, Now tl)c  error  bound can lJc estalJ-
lishcd  by noting that,

m
It should be clear tllrct  tIlc error  bound in ‘1’hcorc]n  3.2

in]provcs  tllc onc in [9], and has  a simrdcr  forln.  ‘1’llis  is
duc to the fact that for t},c  case c = O, the error bound i,,
‘f ’l)corcm  3.2 dclcays  in the order 0(p-’’12),  w},crcas  in [9],
tllc error dclcays  in tllc order C](P- “t)  w}Icrc a < I/2 for
p > 1. Fhrthcr,  tllc fac~or  (p+ ] )/(p  -1 ) in [9] is rcl,laccd

by ((P+  I )/(P  – I ) in ‘1’hcorcm  3.2.
h’o]lowing  the salnc  steps  as in [9], ~’l)cmmln 3.2 gives tllc

following  tu]lcd  linear  algorit}lT1l  with an exl,licit  identificat-
ion error  bound,

~OrOlkrY 3 . 3  I,ct  the  noisy  ez’pe?inle?lta{ jregucncy  Tc-
sponse  data  be  g iven by  ( .?) .  Ilenoie  t = c + Mp  - ‘L. l,’o Tm
the  ident i f i ed  model

n - 1
Ck(w)

i,:d(z)  = ~ -—--:- 7---- Zk , ,, ~ N ,
k=o I i  (-;) P2 k

u,ii}~  {Ck(F;N)}  the ] )1 , ’1 ’  c o e f f i c i e n t  OJ {1{;:}.  T’hen,  the
worst  case idcntijlcotio?t  eTroT  soti$fies

}’rcmf:  Cb]lsidcr  t h e  following  ul]co]lstrai]lcd  n]ini]niza-
tio]]  PIO?JIC]II:

wit]) ;L~d = PO + PI z + . . . + P,,  –lz”-]  , It a d m i t s  a  s o l u -

tion jl~d such that J g 2?2. ‘l’his  can be shown by taking

j,~d  = @;[j,].  With the sOlutiOIl  for the above unconstrained
minimization problcm,

r N-1 71/2

It follows that

(
N–1*~ @LNWj)-~i” 2

1/2

llj&  - ~~[j1]l[2  s & + 1)
k=O

< (1 + W)(C + -  Mp-n),

td [Iji::  -- ~:,l[~,,p  < A4 + WM.  I’hc  worst  CMC idclltiflca-

tion  cr]or  LOUTICI  can tl]cn be obtainccl  following the steps
ill tl[c  proof  of T})corem  3.2. T’o obtain the explicit sOlu-
tion  jlfd, one  notices that the unconstrained minimization
])roblc]n  is equivalent to

n-l

J = ,,,i,l~ Ipk  -  Ck(l~N)12
r,k

k=o
N--1

+  ~ lck(#f)12  +

k=n

f;~z(~,r,k,zpzk)

by mixed }’arscrval’s  t}lcorcxn. ‘]’hc  opti~llal  sO]Ut  iC)ll pk’s
can (hcrl bc obtairled  try setting the partial dcrivativer+
t+J/~pk  = O w~lic~l  gives  t}lc  solution

ck(EN
ph z –...–..:.~-..  , k = 0,1,..., ?,– 1,

] + -  (-&)  pzk

‘J’IIc  proof  is ]Iow  completed. m

Before  concluding this scctioll,  it slloold Lc crnp]lasizcd
that.  all tllc  lillcal  algorithms discussed so far arc derived for
ullifor]nly  s]mcd  frcquel]cy  response data,  Naturally, one
would like to ktlow wllctllcr  or no~  tile lillcar  algorithms can
Iw adal,tcd  to the cam  wllcrc  tlLc frcqrrcncy  rcs},onsc  da ta
is llolluniforJI1ly sl>accd as studied in [1, 13]. ‘1’his  question
will Lc aljswcrcd  for t}lc  tuned lillcar  algorithm.

C o r o l l a r y  3 . 4  I.et the  exyeTinLental  jmquency  response
data  l(;N be o b t a i n e d  at  {wl}fl~]  w h i c h  i s  not  unijoTmly
spa  t e d .  ljcjlne matrix U, as

where O < 1 < N. Suppose the i d e n t i f i e d  mode!  ~L~d E Pn—
is o b t a i n e d  fro?n  the jolloroing  unconsiTa  ined ?ntnt?atz  ation
p~oblen~

with  sanle  ? a s  in ~OTo~/aTjI  3 . 3 . Y’hen,  the woTst  case
ldC?liifi  CiIiiO?l  eTro T 80iiSfieS



. l’roofi  It is noted t}lat  tl)c  iullcd  algor+tlirl] is silllilar  to
tlmt  ill C)orwllrsry  3.3 except that the frcquc]kcy response
data  is IIot uniformly spaced. Srmlc argurl]c])t  i], Crrrollary
3.3 gives J,, ~ 2?2 ,  and  t h u s  a soluticnl  )Lpd  E ‘P,,  exists
such that

Ihmotc  ~ = k~d–~~z[i]  E Pn. ‘1’lm),  the abcwc  is cquivkdcnt
to

w]lcr’e 31’  is a co)ulnn  vector-of’  si7,c N with fir’st  n CICInclltS
bci~lg tlic  n cocfficicllts  of j rcspcctivc]y,  and tl~c  rest. clc-
]nc]its  zero. Note t}]at  by tl]c  definition of singular Valucsj

JN
1 < mu,,,.,  (u;])  = — — - - - - - - -

O,,,,,,  (UN)

It follows t}lat

Ilipd  - $l;,[j,]llz =: IIFI12  < <N(I  - t  W)%,,..?  (u~’  )

_  JN(I  +  fi)t
—

On~,,L(UN)

f o r  my jk E ‘H(M,  p). Sirnilar]y,  [ljt~d[lz,p  ~ @4. ‘J’hus

}Jcncc,  the error  bound CaII  bc cslablis}lcd  fol lowing tllc
sa~nc  stel}s  in the l>roof  of Corollary 3.3.

9
A fcw conlmcnts  arc in order. 1,’irst,  dcllotc  1’ as a col-

mnll  vector  of si7,c  n with cocflicicllls  of hnd  as the clcll)cn  (s.
‘J’hell, tllc nlillinlization  problcln  ill Coroflary  3.4 has  a n\a-
tri x rcprcscnt  at iol]

w h e r e  U,l  is same as in Gorollary  3.4 with  1 = ~~,  A =
diag(l,  p,..., P( “-~)),  and

r] 1 . . . 1 1

(G)

IICIICC,  tllc so]utiori  P is easily obtaillcd  froln  tllc  ort.hog-
oliality condition,  Sccolld,  since V,,t satisfies V;!  V,TL = J,,
f o r  m ~ n w}icrc  V,f/  dcrlotcs  tllc  co]ljugation  trallsl,osc  of
v.,) ,.

]> ~ ( fJyLJ ) “ u~’fs
N

+ ;25 A2 –: (7)

whicl]  is WC1l dcfitlcd  even if U~/[J,,  ill sillgrrlar,  tllougll  irl
t}lis case, the error  Loulid  is not dcfil)cd.  It should  trc clear
tl]rtt  lJ~IU,,  is nollsillgulrw  if anti oIIly if all {til}’s  arc, dis-
tinct.  J(’inal]y,  note that if til’s arc u]lifornlly  s~)ar-cd,  the]]
[J;] 11,,  G N]n  for wJ1icll  2J~JE/N  is t}]c  i])vcrsc  1)1{”~’  of tllc
cx]~crili~c~tlal  nleasurclncllt  data and botl,  tllc  solution  and
the error bound  rcducc  to tJ1osc of Corollary 3.3 by noting
tl,at u,,,.,  (UN) = 0,,,~,,  ([JN)  = m.

4 AI)])]icfti.ions  to ~dc!utificatio]l  of k’]cxib]c
Stjmctur(!s

IL is k,,ow],  tl,at  two-stage r,o~,li,,car  algoritl,,,~s  [s, 4, ]4]
arc ]Iot  eflcctivc  for lig}ltly  daln~)cd systcrns  such as flex-
ible  st.ructums  [5]. ‘1’hc  dilliculty  lies ill the model rcduc-
lion  part  of (JIC  identi f ied lnodc].  MOSL  model  reductio~l
algo)itJln]s  r.uc})  as Lalanccd  rcalimticul  a n d  Jlmlkcl  norvt]
al~]~roxilllatiorl  require ccm~l,utatiolls  of controllability and
o}~scrvaUjlity gralnians.  Since the idclltificd  nlodcl  fro~[i  t}lc
t wu-stage no]llillcar  algc,rit.tln~  inevitably has a higl)  order
fc,l JJcxiblc structures and is a SUIII  of  a rational function  (IC.

suited froln  Nchari  approximallt)  al]d a causal  poJyJlonlial
fulwtio]i,  it is almost  impossitrlc  to colnpute  cOl}trollabil-
ity arid observability gran~iaTw,  or tJ1e  resulting gramia?!s
arc not accurate. l’his pro~kn  also exists for intcrJ>ola-
tiorl basccl  .mlgoritllIns  [2, 7 ] . It is IIoted that tllc linear
.algoritllln  studied in this paper produce identified models
Jlavil,g  J’Jlt structure, tl,c  computation for col,trollability
a~ld observability gralllialls  requires only OJIC  singular  value
dccc,lll})ositiolj  [6]. I)UC  to the rcliahility  of singular  value
dccol]ll)osition,  the rcduccd  order IIIOCIC]  rctaills dolninrmt
modes of t}lc  flexible strwcturc.  }IcJICC,  tllc Jcast square ]in-
car algorithm l]rovidcs  al} altcrllativc  whic]l  is quite  cflec-
tivc as S} IOW]I  in IIcxt scctioll.  Jlrr~hcr,  th clnodclir)g  error
caused by lnodc]  rcducticnl  can bc easily tmundcd  using the
cxistilig  rcsnlts.

5 ]llustraiivc  ExaIm)les

‘lb illustrate tlIc cflcctivclicss  of the linear algoritllln,  two
cxaln))lcs  arc USCCJ.  ‘1’l)c  true systcnl  of tJIe  first malnJ)Ie  is
Eivcl]  trv

(8)

It call  bc vcriflcd  that j,(z)  with i14 = 2.1 and p = 1.5.
‘1’hc cxl>cril~icllt.al  data is generated tJy uliiforln  samp]cs
o f  k(c.JU’)  wit},  corruj,ti,,g  ,,oisc rj~  =  cc~” w}Icrc  0 is tllc
uliiforlllly  distributed ralldon~ variable, WC have cl)osen
c = 0.2 wJlicll  is rougl[ly  ollc-tc~lth  of tllc  IIhllm. ‘J’hc sin~-
ulati~ll  collsisis of  N = 64 cxpcrilncntal  da ta  poilds  f o r
b o t h  uniforln  and nonulliform  sanll>ling cases.  ~’JIe  idcm
tificd  moctcls  arc obtained using least square bawd  linear
algoritlllll,  ‘Ihc  rnagllitudc  error rcsljoljscs  arc pJottcd  i])
Figure 1 with solid line for ul~iforlnly  spaced srs~nl,ling  case
al)d wit}) CIMIICCI  line for IIollunifortnly  sp.aced san~ldillg
case .  Jlccausc  nollultifornl  sanipling  takes ~nore  salllples
al fast variatiorl  illtcrval  and fewer sanl)>lcs at slow varia-
tion illtcrval  of tllc  frcclucncy  rcsl~ollsc,  il oftctl  has  a better
pclformal]cc  thall  that of ullifcrrin  sampling alt}lough  it Jlas
a lrugcr  error bound.

‘J’hc  sccol]d  example is takcll  from [5] where t}lc  true sys-
tcln  is a flcxih]c  stmcturc. While tllc  two-stage ~lonlillcar
algorit)llll  ill [8, 4, 14] is not cffcctivc  for idclltifrcation  of
liglllfy  daltlpcd  systems [5], the linear algoritlllii  studied in
this  }]apcr,  ill cc,]ljunctioll  with the Lalanccd  model rcduc-
tioll,  yields a very impressive result. ‘1’hc nlagnit,ude  rc.
SJIC,]MC  of tlic  cxpcrilnc)~t,al  data is p]ottcd  in JJigurc  2 wit}]
solid  lillc.  Si]\c.c no a priori  illforlrlation  ori Acf,  p and c are
givcrl in [5], wc have used M = 130, p = 1,01 al~d  E = 0.5.
~oro]lary  3.3 is al>Jdicd  wit]l N = n = 1024 to obtain the
1’Jlt Illodcl.  J3alatlced rcalizatiorl  nlcthod  for nlodcl  rcduc-
tio~l  is then a])])licd  to obtain a low order ]nodc]  of McMil-
lan dcgrcc  26. Jts rnagllitudc  e r r o r  rcspcmsc  is p]ottcd  ir]
JJigurc  3. Wc  would like lo corl)~l]cllt  that  althougl)  ot}lcr
algorithlns  car] also obtairl  similar results witfl  less cOmlnl-
trrtiollal  cfl’ort,  t}lc  linear algoritlllll  studied irl  t}]is  palmr
cornbir)cd  witlj  the balaljccd  r[lodcl  rcductio,l  corls(itll(cs  a
cxn)vcrgcr]t algorithm for idcljtiflcatiorl  ill llm. Since Lal-
arlced ])iodcl  reductiol)  for an J(’11{  n]oclcJ  r]ccds  to comrmtc
c,rlly OIIC si]igular  value dccom]msition  of a 1024 x 1024 posi-
tive dcfini~c  lnatrix  [6], this cxamldc  dcmonstr’atcs  t]lat the
algorithrll  is quite rclial}le.
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G  Ccmclusicm

I’IIc  lcasl  square  based lilwar  algorith])m  in [9] arc revis-
ited  ajld  ncw  error bounds arc derived. It is s]lown  that
the tuned  li]]ear  algorithms in [9] arc  applicable to  nonuni-
forlnly  spaced  frequency responm  data which arc quite dif-
fcrc),t  fro,n  the two-stage ,Icn,li]lcar  algorithms a= i,, [1].
]n particular’, exponential convcr’gcllce  for noise free case is
prc.served.
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l’igure  1: M a.gnitudc  rcspcrnse  of the identification er-
ror for the first example
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l’igtclc  2:  Magnitude response of  t,hc true systcm for
t h e  scconcl  examlh
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Figure 3: Magnitude response of the identification er-
ror for the second example


